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A~3STh7~CT

The free boundary problem for a fully penetrating well of radius r

ar~d filled with water to a depth h, in a layer of soil of depth H, radius

R and permeability k(x,y) can be formulated as follows; Find ~pc  C1(r ,R] and

u e c
2
(Q) n C ( c 2 ) such that (xku ) + (xku ) = 0 in Q , u(R,y) = H for

O < y < fl, u (x,O) 0 for r<x< R , u(r,y) = h for O < y < h , u(r,y) = y

for h< y <~~~(r), u (x,~~(x)) = 0 and u(x, ~ (x)) =~~(x) for r < x < R, where

= {(x,y): r< x < R , O< y < ~ (x)) . The results of Benci [Annali di Mat.

100 (1974), 191—209] are used to derive a variational inequality and to prove

existence and uniqueness. The problem i.s approximated using piecewise linear

finite elements and 0(h )  convergence of the approximate solutions is proved

using recent: results due to Brezzi , Hager , and Raviart.
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EXPLANATION

When an axisyinmetric well is sunk in a water aquifer the water flows

through the ground towards the well where it can be removed by pumping.

After a sufficiently long time the flow becomes steady. We analyse this

problem using the assumptions of saturated - unsaturated porous flow:

the upper part of the aquifer is denuded of water and is dry ; the lower part

of the aquifer is saturated (wet) and in it the flow is governed by a

linear second order elliptic differential equation which is derived from the

equation of continuity and Darcy ’s law (a linear relationship between the

rate of flow and the water pressure gradient). The major mathematical

difficulty is that the interface between the dry and wet regions is

unknown - it is called a free boundary. We reformulate the problem as a

variational inequality , that is, a variational problem in which the solution

is subject to inequality constraints (in our case, the solution must be

S non—negative). We prove existence and uniqueness (which were previously

unknown), introduce a numerical scheme based on finite elements, and prove

convergence of the numerical approximation t6 the exact solution. Numerical

results are given for the case of constant permeability (homogeneous isotropic

soil) and the computer program is listed .

•
~ ~et ’

~ofl W’~
~.i Se~tO fl 0

0

LSI hc~ r~

?~:‘n1
- ~p~CIN.

I



~ • . —~ -~ — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~~~rn~~ ~~~~~~~ • •,— ~~~~~~~~~~~~ ~~ -.-.

CONTENTS

1. Introduction  1

2. Notation and preliminaries  5

3. Weak formulation 8

4. Formulation as a variational inequality 10

5. Properties of the solution 17

6. Numerical approximation 19

7. A numerical example 26

Appendix A; An alternative numerical method 36

Appendix B: The computer program 43

Appendix C; The strong form of Creen s  theorem in the pla ne 47

i

_ _ _ _ _ _ _ _ _  

j



THE NUMERICAL SOLUTION OF AXI SYMMETRIC FREE
BOUj~DAR Y POROUS FLOW WELL PROBLENS US iN G

• VARIATIONAL INEQUALITIES

Coh n W. Cryor and Hans Fetter

1. Introduction

The steady state problem to be considered is shown in Figure 1.1. An axisymmetric

well of radius r is sunk into a layer of soil of depth H and radius R . The bottom

• of the soil layer is impervious. The outer boundary of the soil adjoins a catchment area

and the hydraulic hoad u is equal to the constant H along this boundary. The water

• seeps towards the well and a pump (not shown) maintains the water level in the well at

a constant height h
~ 

. The water-air interface is a free boundary which intersects the

• well wall at a height h

The mathematical problem can now be formulated as followe (see Rantush 11964),

Bear (1972) , and Cryer 11976, p. 86)):

Problem A (Classical)

Find functions ~ (x) (th e height of the free boundary) and u (x ,y)  (the hydraulic

head) such that (from the equation of continuity and Darcy s law):

div(k grad u) —p— (k ) + -
~~

— (k ) = 0 , in ~) , (1.1)ax 9x ay ay

together with the boundary conditions,

u H, on AB (r
1

) ,  (constant hydraulic head) , (1.2)

= 0, on B C(r
4

) ,  (impervious boundary) , (1.3)

u h , on CD ( r’ ) ,  (interface with water at rest), (1.4)w 2

u y, on DE(r ~ ) ,  (interface with air) , (1.5)

u = y, on EA(F
0

) ,  (interface with air) , (1.6)

0 , on EA(r 0) ,  (streamline ). (1.7)

Sponsored by
1) the United States Army under Contract No. D7½AG29— 75-C- 0024 ,
2) the National Science Foundation under Grant No. DCR7 S-03838.

~~~~~~~~~ 

-
~~~~~• . *~~~~ 

. ..

—~~~ • -~~ ~~~~~~~— • • -
~__ ~~~~~ ____•S_• __ •__.. • -~~ •~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~



y

F5
— 

(H ,R)
• F . A

—
—

— S.-
5-

-—- 
.—

3 — F
‘

5-
-.-. 

.p- 
,
.

/ S.— —
/ — -5— —

—
S.- 

— ~~~ 5—

A (h , r) E ,. -5.

S 
_.- 

‘
-5

• 5—

S...- 
P( x ) — r

• 
‘
-

~~ ,
h , .-.S —

. 
S.— ~~~~

+ ‘ ~~~~ 
—I :.: ~

-:.-_ -_--:_ 
p.— ‘~

-5
~

h — r ~
— S.-

.

I - — ~~— - - ~~— 2
‘~ ..-— .—

________ 
_ _ _  

~~~~~~— 
_ _  _ _  _ _ _• — 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ x

B
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Here, Q is the (unknown ) domain ,

• () — ((x,y): O< y< ’P(x), r < x<R )

and denotes the outward normal derivative. Finally, k k (x ,y) xK where the

permeability of the soil is denoted by K = K(x,y) . It is assumed , that k is of

the form

k (x,y) exp (f (x)  + g(y)] (1.8)

where f (x )  and g (y}  are continu ously differentiable and

• g’(y)>O . ° (1.9)

• In particular if the permeability K is constant , K = 1 say, then

• k(x,y) = x = exp(2S.n x3

so that

f(x) = m x ;  g(y) = 0 . (1.10)

We will later use the fact that

(1 .11)
U y + p/pg

where g is the acceleration due to gravity, p is the fluid pressure, and p is the

fluid density .

Ever since C. Baiocchi [1971] introduced a mathematically rigorous and from

the numerical point of view efficient approach to the solution of various free boundary

• 
problems related to fluid flow through porous media, numerous studies have appeared

in the literature which extend his results in many directions; Cryer f 1976] and Baiocchi,

Brezzi , and Coininciohi [1976] give bibliographies.

The basic idea introduced by I3aiocchi, can be summarized as follows: Through a

suitable change of the unknown variable, the free boundary problem is reduced to that of -
•

minimizing a quadratic functional on a closed convex set. This reformulation of the problem

not only enables one to determine various properties of the solution, but it also offers

the advantage that the new problem can readily be solved numerically by several methods

including finite differences and finite elements.

-3-
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The first problem considered by Baiocc’hi was the “model problem” of porous flow

between two water reservoirs of different levels separated by a homogeneous rectangular

dan with horizontal impervious base. Subsequently , Baiocchi , Cominci oli , Cuerr i , and Volpi

[1973) and Baiocchi , Comincioli , Magenes, and Pozzi (1973] considered the case of a rec-

tangular dam consisting of two homogeneous layers, either horizontal or vertical. A

further development is due to Benci 11973, 1974) who considered a rectangular dam with

a permeability coefficient of the form

K(x,y) = exp (f(x) + g(y)) . (1.12)

The problem of a fully penetrating axially symmetric well (Figure 1) s the axially

symmetric equivalent of the problem of flow through a rectangular porous dam. The well

problem is of considerable technological importance. Hantush [1964] gives a lengthy

survey, and Cryer (1976 , p. 863 gives further references.

Polubarinova-Kochina 11962, p. 283], Hantush [1964, p. 362), and Bear 11972,

p. 3681 show that for constant permeability the rate of flow is given by

1~K(H
2
-h

2
)/in(R/r) . (1.13)

Mauersberger [1969] and Youngs [1971] obtai n exact expressions in closed form for the

rate of flow with variable permeability of the form (1.12). Mauersberger (1965) has

derived a variational principle. However, apart from the not entirely rigorous results

of MauersLcrgor [l965a), there appear to be no results on existence and uniqueness. In

this paper the results of Benci [1973 , 19741 are applied to the well problem to obtain

existence and uniqueness. A finite element method is then used to obtain numerical ap-

proximations, and error estimates are obtained.

After completing this report we learned that the case of constant K had been

formulated as a variational inequality and solved numerically by Elliott [1976 , p. 62].

_45_
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2. Notation and preliminaries

We state here certain basic definitions and results about Sobolev spaces. This

material can be found in Adams 11975].

If (2 is an open set in R
2 the following spaces may be constructed :

C(12) C0(12) is the Banach space of functions which are bounded and uniformly continuous

on 1) with norm

Itu; C(12)~f= m ax t u t
(2

is the vector space of functions u which , together with all their partial derivatives

D~U of order t a t < in are continuous on (2 . Here a = (a1, . . .  , a )  with a. a

non—negative integer,

tat = I Ia .t
j=l ~

and

I I
a a1~

X I u
D U =  —

a ci
ax 1 n

i n —  a
C (12) • ~~h space of those functions u CC (12) for which D u is bounded

and uniformly continuous for 0 <tat < m - If u C Cm (s) then DaU can be ex-

tended continuously to ~Z and we may regard as being defined on (2 , and

it is readily shown that r~ u is bounded and uniformly continuous on

C
in
(~ ) is equipped with the norm

m —  a
llu;C (c2) tt = max sup In

0< Iat .~.m xe(2

= max max
O < I a L <  in x c  (2

C~~
Q) is the vector space consisting of functions u such that ue  Cin ((2) for all in

O < m <~~

—5—
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c~ (12) is the subspace of Cm (Th consisting of functions u which “vanish near ~12”

that is, the functions uc c
Th (ll) with compact support in 12 . C~ (12) is of course

also a subspace of Cin
(())

C~ (f2) is the subspace of C
a
~(12) consisting of functions ucC ((2) with compact support

in (2

IFU2) is the Banach space of real measurable functions u defined on (2 for which

tIutL~, ttu ; L (12) tt = [ 1 (2 tu (x)V’dx)” < 00

Here , l < p <  ~~~. Two elements of 1.1(12) are identif ied if they are equal a.e.

(almost everywhere) .

is the completion of {u€ Cm
(Q) : Ilu < ~) with respect to the norm

m,p

t t u  fl = ( t i ~ °It
‘1’ O<~~c~~< m

in
H0

’ 12 is the c1~ sure of C0
(12) , in H ‘ (~ )

= }m.2((2) . The norm in H~ is denoted by

= H~~’
2 ( I l)  . By the generalization of Poincare ’ s Lemma , if (2 is hounde i then the

norm ~ m ,p ~~ 11
Th .P ((2) is equivalent to the norm ‘~

1 m,p  
defined by

= I ~ I t t D
ciu I) ) P] l/P

~ t a t =~

The spaces 8
Th~P (12 ) and 11~~ P ((2) are called Sobolev spaces or Beppo-Levi spaces.

There is a useful  alternative defini t ion of the Sobolev spaces. If u C  11(12) and

if for some a there exists v C L1W) such that

J u(x)D
ci
$(x)dx = (_1) Ial f v (x) 4 (x)dx

(2 12

for all $ c C U2)

-6-
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then v is called the i~~~!c partial derivative of u and is denoted by D~U

We can-now define the W~ ’~ Spaces; W’~’~~((2) is the Banach space of functions

U E 11U7) such that the weak derivatives 13% exist and satisfy ~% e 11(12) for

1 < tat < in with the norm

Itu = I ) (It D
a
U tt >~ 3

l/~
‘P 0 <t a l< m

An important result due to Myers and Serrin states that for all (2

= w~’~ (I1)

— 7—
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3. Weak formulation of the problem

In the (classical) Problem A it is imp licitly assumed that the free boundary r0

and solution u are “sufficiently smooth ’. Here we reformulate the problem as a second

prob lem , Problem B, in which these smoothness assumptions are relaxed.

Let {~~,u} be a “smooth’ solution of Problem A. We cannot assume that  u c  C2 (~~)

because is discontinuous at the corner D (see Fi gure 1.1).  It nig ht also appear

that  u could he discontin’ious at the corners B and C; t h i s  is not the case s ince by

reflecting both u and (2 in  the x—axis we obtain a solut ion , u’ say, in the reflected

domain , (2’ say. Let

12” = 12

and let

u , onC 4u ’ 00 ç
Lu ’ , on 12’

The n ~l2 ” is smooth at B and C so that u ” is wel l—b chs ved at B and C . We thus

assume that  “s u f f i c i e n t l y  smooth” implies the fo l l o w i n g : the fret  boundary r, has a

continuous outward nornial n ; u C c2
(Q) i~ c( ç1)~ and u is continuously dif~~ r~ ntiablo

in a ne ighbo:hood of ~ r

To obtain the weak formulation of the problem we proceed as follows . For any

ij ~ C ((2) which vanishes in a neighborhood of “1 
u r2 u it follows from Green ’s

theorem (see Appendix C) and (1.1) that

f k grad u grad t~ dxd y
(2

00 f ~ k ds — f ~ div (k grad u)dxdy , (3.1)

(2

= 0

-8-



Let

v {vc H~i52) ; V 0 on ~ u r ;} ( 3 . 2

that is , V is the closure in H 1 (Q) of the functions I,!, ~ d’° (f l )  which vanish in a

neighborhood of 
~
‘
l u F2 u . Since every v e V is the limit in H

1((2) of

functions 
~ 

for which (3.1) holds, we have that

• 1(2 k grad u grad v dxdy = 0 , for all V E V  . ( 3 . 3 )

Thus , { ~o, u) is a solution of

• Problem B (W eak )

Find ~ C C [r , R) and u C H 1 ((2) n C ((2 ) such that u satisfies ( 3 . 3 )  and the

boundary conditions

u = H , on , (3. 4)

u = h ,  Ofl F2 , ( 3 . 5 )

u 00 y , on , (3 .6)

S 
U 00 y, ~~~~ r0 . [1 ( 3 . 7 )

—9-
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4. Formulation as a var ia t iona l  inegual~~~

In this section we fo1lo’~ Denci [1973 , 1974) and reformulate the weak problem,

Problem B , as a variational inequality, Problem C. The derivation given here is in-

tended to complement tha t of Benci : it is hoped that the derivation given here brings

out more c lea r ly  the essential  steps in the derivation.

The f irst step is to introduce a “Ba iocchi function ” w(x,y) defined on the

rectangle

D = {(x , y ) : r < x < R , 0<y<H) , ( 4 . 1 )

as follows :

(
I f exp(g(t)) [u(x ,t) — t ]dt , for (x,y) C (2

• J y
w(x,y) = 

( 4 . 2 )

0 , for (x ,y) C D — (7

We show that w satisfies a d i ff e r e n t i a l  equation at points (x ,y)  (2 . Dii—

fe rent ia t ing  (4.2) with respect to x we find that

w(x ,y) f exp [g(t)1 u (x,t)dt +

y

+ ~“ Ix) exp [g~p(x))) Eu (x,~~(x)) — p (x ) ]

= f exp [g(t)] u ( x , t ) dt  , ( 4 . 3 )
y

since , by ( 1 .6) ,  u (x , ~‘( x ) )

Multi plying (4 . 3 )  by ex p ( f ( x ) ] and then d i f ferent ia t ing  with respect to x we obtain

(e x p ( f ( x ) J

~~(x)
I I ex p [f (x )  + g(t ) J u (x ,t) )  dt + (4 .4)
y

+ ~~‘ (x) exp [ f (x)  + g(~~(x ) ) )  U ( X , ~~( x ) )

We now carry out s imi lar  computation s for the derivatives of w with respect

to y
—10—
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w ( x ,y) = —exp (g (y)) t u ( x ,y )  — y )  . (4.5)

Multiplying by exp[-g(y)] and d i f f e r e n t i a t i n g  wi th  respect to y we obtain,

• (exp(-g(yfl w (x,y))

l _ U
y
(X~Y)

= 1 — exp (—g (y ) 1 ( e x p l g ( y ) ]  u ( x , y ) )

= 1 + cxp[—g(y )] {f (explglt)] u
~
(x
~
t))

~ 
dt —

y

— exp[g(p (x)fl u (x, p (x))} . (4 .6 )

Mul tiplying ( 4 . 4 )  by e x p [— g ( y ) )  and ( 4 . 6 )  by ex p l f ( x ) ]  and adding , we obtain that

(expff(s) — g ( y ) J  w ( x ,y) ) + (exp[f(x) - g(y)) W
y

(X s Y ) )
y

00 exp[f(x)) +

ip (x)
+ exp[—g(y )] f [ ( k (x , t)  u ( x , t ) )  + (k(x ,t) u

~
(xot))

~~
]dt +

+ exp[—g(y ) + f ( x )  + g (~p( x ) ) ]  t~~’ (x) u~
(x ,

~~
(x))_ u(x ,~~(x))] . ( 4 . 7 )

Since u satisfies div(k grad u) = 0 , and since- on the free boundary

2 1/2
‘p ’ u — u = — [ 1  + (p ’) ] u = 0

- x y n

the last two terms on the right hand side of (4.7) vanish . Thus, if the elliptic operator

L is defined by -

(Lw) (x ,y) 00 (explf(x) — g(y)]w ) + (exp (f(x) — g(y))w ) , (4.8)

we have from (4.7) that

Lw exp (f(x)J, in (2 . ( 45 9 )

Since , from (4.2), w P 0 in B — (2 , we also have that

Ia. 0, in t~ - (2 . (4.10)

At this point it is appropriate to observe that, from (4.2), (4.3), and (4.5)

—13-—
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w = w 00 00 0 , on . (4.11)

We denote by (~ the boundary values of w . The function ‘2’ can be determined as

follows. From (1.2) and (4.2) it follows inmiediately that

‘2’(x,H) 0, on , (4.12)

•(R ,y) 00 J explg (t)) (H-t)dt , on . (4.13)

From (1.4) and (1.5) we see that

h

()(r,y) = f
y

W
exp [g(t)] Ih

w
_t)dts on , (4.14)

4~(r ,y)  = o , on . (4.15)

To determine ~ on r4 we must proceed more indirectly . From (4.4) we see that

[exp[f(x) ] w (x,O))x x

~p (x)• 
f [exp[f(x) + g(L)] U

x
(X

~~
t ) )

x 
dt +

0

+ ~ ‘(x) cxplf(x) + g(~~(x))] u (x ,~~(x))

Replacing the intcgrand using the equation div k grad u = 0 a,,d then integrating , we

obtain

(exp [f(x) Wx (X00)])x

~~(x) -

—f [exp[f(x) + g(t)] u
~~

(x ,tflt 
dt +

0

+ ‘P ’ ( x) e x p ( f ( x )  + g (ip ( x ) ) )  u ( x ,q’ (x ) )

00 e x pl f (x )  + g(0)J u (x ,0) +

+ e xp ( f ( x )  + g(.p ( x ) ) )  (~“ (x)  u
~~

(x , i P ( x ) )  — u (x ,~~ ( x ) ) J  ,

= 0 ,

since, by (1.3) and (1.7), u = 0 on r4 and u 00 0 on r

— 12—
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We thus conclude that on F4 ‘1’ satisfies the linear second order differential equation

(expIf(x))~~~) 0 , (4.16)

wi th general solution

x

‘2’(x,0) = A + B 

~r 
exp [—f(t)ldt . (4.17)

Since the val ue of 4(x ,0) is given at x 00 r by (4.14) and at x 00 R by (4.13), the

values of A and B can be determined. We obtain:

‘2(x,O) 00 ‘2(r ,O) + (~~(R , O) — ~(r,O)J F(x)/F(R), on 1~4 
(4.18)

where

xF ( X )  f expl—f (t)]dt . (4.19)
r

From (1.11),

u y + p / p (4.20)

• where g is the acceleration due to gravity , p is the fluid pressure, and ~ is the fluid

density . The fluid pressure p is non-negative for physical reasons so that u-y>0

and hence w > 0 . Unfortunately , this cannot be proved mathematically without some

additional assumptions. One approach is as follows. Consider the function v 00 y - u

Then

div(k grad v) = div k grad y — div k grad u

00 -
~~~~ (k) 

-

,

= exp[f(x) + g(y)) g’(y)

Hence

div k g r a d v > 0  in (2

provided that g ’ (y ) > 0 . From the maximum principle for elliptic equations (Courant

and filbert (1962 , p. 326)) we conclude that v attains its maximum in (2 on •

However , from the boundary conditions, v < 0 on r0 u U l’2 U F 3 . Also, on r4

we have that -13- 

~__i _ _ _ __
~_ . ___ 

-5-— ~~~~~~~ - . -•- - — -



--~~~~~~~~~~—~ —~~~~~~~~--~~ ~~~~~~~~~~~~~~- - ~~~-- --
~~~~

v 0 0 1 _ u  = 1
. y y

so that v cannot attain its inaxiinwn on F4 • Consequen t ly, we see that v < 0 in

(2 . That is, we have shown that 
-

w > 0  in 12 . (4 .21)

provided that

g’ (y) > 0 . (4.22)

Let a be the bilinear operator defined on H1(D) X 113 (D) by,

a(u ,v) = f exp [f(x) - g(y)Jgrad u grad v dxdy
B

(4 .23 )

P J exp [f (x) - g(y)] Iu
~
v
~ 

+ uv )dxdy

Let j be the linear functional defined on H
1
(D) by,

j(v) 00 J exp [f(x)]v dx dy . (4.24)
B

Let K be the closed convex set

K 00 {v E lI~ (D) : v - w c H~~(D) and v > 0 a.e. in D) . (4.25)

Now let v be any element in K . Then

a(w ,v-w) + j (v-w)

00 f e x p( f (x )  - g(y)j grad w grad (v-w)dxdy +
D -

+ J exp (f(x)) (v-w)dxdy
B

- > f e x pt f ( x )  — g(yfl grad w grad (v-w)dxdy +
(2

+ f exp [f (x)1 (v—w)dxdy ,

(2

since w 00 0 in B — (2 . Integrating by parts , and noti ng that either v—w — 0 or

0 on , we obtain thatan

—14—
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a(w ,v-w) + j(v-w)

> f I—Lw + exptf(x)fl (v—w)dxdy,
(2

from (4 .9 )

• 
~

- . We have thus shown that if g’ (y) > 0 then w satisfies the variational in—

equality

a(w,v-w) + j(v—w) > 0 . (4.2 6)

• More precisely, Benci - ç~73, 1974) proves

Theorem 4.1

If u is a solution of the weak problem and g ’ (y) ~ 0 then w c H
3
1D) n C(D)

and w satisfies the variational inequality : Find w C K such that

a(w,v—w) + j (v—w ) > 0 , (4 .27)

tor ah v e K .  0

Remark 1

Benci (1974 , p. 1943 and, in a special case , Baiocchi , Cominciohi , Magenes, and

Pozzi [1973 , p. 19) assert that if u is a solution of the weak problem and

in (2

L 0 , in B-I) , -

• then ¶ e H1(D) . We have been unable to follow their arguments , and it seems to us

that their arguments require that (2 be such that trace theorems can be applied. This

is not a serious d i f f icu l ty, since if u is “ sufficiently smooth” then we certainly

have that iT e H1(D)

Remark 2

Both Benci (1974] and Baiocchi, Comincioli, Magenes and Pozzi 11973) assume that

~ is a inonotonically decreasing f unction . While undoubtedly true , this assump-

tion does not seem to be necessary for the derivation of the variational inequality.

— 15—
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Remark 3

We have assumed that  f and g are cont inuously differentiable.  This assump-

tion can be relaxed somewhat: Benci (1974) only requires that

f ( }4 l~ 2+P [r , R3

g e H1’2
~~ [O ,H]

for some p > 0

The assumption that f be reasonably smooth is not unduly restrictive. However,

the soil around a well often consists of N horizontal layers of d i f f e r en t  constant

permeabilit ies , and g is then not in Hl~
2
~
1
~ [O ,H)

Remark 4

While condition (4.22) is not necessary, it appears that some condition must be

imposed upon g(y) . Baiocchi and Friedman [to appear] refer to numerical solutions of

the variational inequ~ihity (4.27) by Coinincioli showing that some choices of g ap-

parently lead to negative water pressures p, and this has recently been proved by

Friedman [1977].

Remark 5

For results when k is not of the form

k = cxp [f Ix) + g(y)]

see Baiocchi [19761 .

Remark 6

Although it is not apparent from the above derivation of the variational inequality

(4.27), the fact that the boundary values ‘2 of the Baiocchi function w can be ex-

plicitly computed is related to the fact that , as shown by Mauersberger ( 1969] and

Youngs [1971] , the flow rate can be explicitly computed.

If a problem is such that Q cannot be determined explicitly, then an additional

complication is introduced , namely that the unknown Q must also be found ; see

Baiocchi , Comincioli , Magenes , and Pozzi [1973 , p. 46).

-16—
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5. Properties of the solution

By assumption f(x) and 9(y) axe bounded. Thus, the bilinear functional a and

the linear functional j are continuous on H1 (Di :

.~~ 
U~(1l V II 1,2

)2 . (5.1)

Ii(v) I ~ 
8~fl v ii 1,2 (5.2)

for all v € H
1 (D) , where 0

2 and 82 are constants.

Remembering that the norms 
~~ 

and 
~ in are equivalent on H~

’
~~(D) (see

section 2) we can conclude tha t a is coercive on

a(v ,v) > a1 ( liv 
~l 2

) 2 
(5 3)

for all v £ H~~(D), where 01 is a strictly positive constant .

It follows from the basic theory of variational inequalities (Stampacchia [1964]) that

Theorem 5.1

- There exists a unique solution w c H~~(D) of the variational inequali ty formulation

(4.27) of the axisymmetric well problem. 0

Although Theorem 5.1 answers the most basic -questions , namel y regarding existence

and uniqueness , there remain a number of interesting questions which we now niention~

1. How smooth is w ? -

If w is to be a solution of the cl4ssical problem , Problem A , then w cannot

just be in H1(D) . Moreover, as will be seen in section 6, the smoothness of w plays

an important role in the error an alysis of approximation methods.

It follows from the results of Benci 11974, p. 200] that

w e H
2’
~~(D) , (5.4)

for any p satisfying 1 < p < ‘~~. Since B has the cone property it is a consequence

of the Sobolcv embedding theorem (Adam s [1975, p. 97]) that

w e C~iD) . (5.5)

—17—
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It would be of considerable interest for numeri cal applications if it could be

shown that w was even smoother. In particular , if w C ft5/2 C.P for any ~ > 0 then

the quadra tic approximat ions due to Brezzi , Hager , and Raviart [to appear] could be ap-

plied. At the time of writing we do not know whether this is true. Of course , we can-

not expect w to be very smooth because w has a discontinuity across the free boundary.

References on the regularity of solutions of variational inequalities include: Brezis

[1971]; Brezis and Kinderlebrer [1973/74); Brezis and Stampacchia (1968]; Levy and

Stampacchia [1969) .

2. What are the properties of w and 1) 7

Many interesting questions suggest themselves concerning w and I). In particular

the following properties are known :

(a) w~ ~ 0 and Wy 
< 0 in P . (Benci 11974 , p. 200 and p. 202] )

(b) ‘P is continuous and strictly decreasing. (Benci (1974 , p. 207) and Baioc ’chj

and Friedman Ito appear].)

(c) For other results for the case k P 1 see Caffarelli [to appear] and Jensen

[to appear]

—18—
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6. Numerical approximation

It has been shown in the previous sections that the Baiocchi function w satisfies

the variational inequality (4.27): Find w ~ K such that for all v c K

a(w ,v-w) + j(v-w) > 0 . (6.1)

Since a is symxnetric, that is

a(v,w) 00 a(w,v), for all v,w V

there is a connection between the variational inequality (6.1) and the unilateral mini-

mization problem

Mm J(v)
v e K  

(6.2)

.1(v) 00 a(v,v) + 2j(v)

This connection is given by the following theorem which is well-known but which we prove

for the convenience of the reader .

Theorem 6.1

Let a (v,w) be a synenetric bi linear form satisf ying a(v,v) > 0 for all V e V .

Then w is a solution of the variational inequality (6.1) iff w is a solution of the

unilateral minimization problem (6.2).

Proof. Suppose that u is a solution of (6.1). Then , for any v E K

.1(v) = a(v,v) + 2j(v)

= a(u+ (v—u) , u + (v-u)) + 2j(u + (v—u))

= .1(u) 4- 2[a(u,v—u) + j(v-u) ) + a (v—u, v—u) ,

> .1(u)

so that u is a solution of (6.2).

Now suppose that u is a solution of (6.2). Then, since K is convex , for any

V £ K we have

u + t(v-u) e K, for 0 < t < 1

Thus

-19— -
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G(t) P .J(u+t (v—u)) — J(u ,u)

00 2tIa(u,v-u) + j(v-u)1 + t
2a(v-u ,v—u) ,

> 0 , for 0 < t < l

It follows that

G’ (O) 00 21a(u,v-u) + j (v—u) ) > 0

so that- u is a solution of (6.1). IJ

We note that Theorem 6.1 does not assert that either the variational inequality or

the uni lateral minimization problem has a solution. In the present case the bilinear

form is coercive (see (5.3)) and we know from Theorem 5.1 that a solution exists and is

unique. (Theorem 6.1 with the added assumption of coercivity is given by Lions [1971,

p. 91).

We approximate w by choosing a f in i te-dimensional  approximation Kb 
and solving

the finite—dimensional problem: Find W
h 

c K h

J(w h) 00 Mm J(vh) . (6.3)
V h

CK
h

The convex set K 1~ is constructed as follows. The domain D is triangulated as

shown in Figure 6.1.

NNN~~N ~~~ _

Figure 6.1: ‘rho triangulation of B
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The subdivisions are not necessarily uniform , but it is assumed that there is a constant

~~> 0 such that

- 

(maximum interval length < h < 8 (minimum interval length)’ (6.4)

where h is a measure of the fineness of the subdivision. The set of interior gridpoints

will be denoted by D
h 

and the set of boundary gridpoints will be denoted by

We denote by V
h 

the space of piecewise linear functions ( l inear  f inite elements)

V
h 

corresponding to the triangulation in Figure 6.1. - We set

= {v
h 

c V
h
: v

h 
> 0 in D and V

h 
4~ on ) . (6.5)

Since the functions V
h 

are linear , V
h 

is non-negative in D if f v
h 

is non—negative

on D
h 

U Since 4) > 0 on

{vh
cV

h
: V

h
>O on D

h 
and V

h 
4) on 

~
D
h
) . (6.6)

The approximation W
h 

is readily computed as is shown in section 7. Here, we de-

rive an error estimate for l W_Wh it by combining the ideas of Brezzi and Sacchi [to

appear] and Brezzi, Hager , and Raviart [to appear).

Theorem 6.2

The piecewise linear approximate solution W
h 

exists and is unique . Furthermore ,

ii w w ]~ii 1,2 = 0(h) . (6.7)

Proof: The existence and uniqueness of W
h 

is an immediate consequence of Theorem 6.1

together with the fact that a is a coercive bilinear form.

We now introduce some notation . For any tvo functions g
1
,g
2
c L

2
(D) we set

(g1,g2
) J g1g2 dxdy 

. (6.8)

From ( 5 .4 ) ,  w ~ H2 (D) , so that w and w e fl~~(D) and hence (see ( 4 . 8 ) ) ,

Lw = div explf(x) - g(yflgrad w £ L2(B) . 
• (6.9)

For any v
0 

€ H~ (D) we thus have that

—21—
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a(w ,v0
) = f exptf(x) - g(y)] grad w grad v

0 
dxd y

p

- _ f v
0
Lw dxdy ,

B

(—Lw, v0
) . (6 .10)

Finally, we note that

j
( v )  

00 (e,v) (6.11)

where

e(x,y) explf(x)) . (6.12)

If V C K then V — w € H
1(D) so that using (6.10) and (6.11) the variational

inequality for w may be written in the equivalent form

(-Lw + e, v-w) > 0 , (6.13)

for all v € K .

In (6.13) we may set v 00 w + v
0 

for any non-negative v
0 

c H~(D), from which we

conclude that

—Lw + e > 0 a.e. in B . (6.14)

For any £ > 0 let ‘P
C 

be a smooth non—negative function which is equal to 1

at points in B which are at least a distance 2c from ~D and equal to 0 at points

less than a distance C from D . Then, = w € H~ (D) . Setting v 00 w + v
~

in (6.13) and letting C ~ 0 we obtain —

(—Lw + e , w ) > 0

Setting v 00 w — v in (6.13) and letting C -, 0 we obtain

(—Lw + e, —w) > 0

Hence,

(—Lw + e, w) = 0 . (6.15)

Finally, by assumption,

w >  0 a.e. in B . (6.16)

— 22—
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Inequalities (6.141 and (6.16) together with equality (6.15) constitute a complemen—

tarity problem for w

Since _a (w
h~
v
h
_w

h
) < (e , vh wh) for all V

h 
C Kb’ we see that

a(w_w
h , 

W W
h

) 00 alw wh, w v h) + a
(w_w

h, Vh w
h
)

a(w_w
h
, W

~
V
h
) - a(w

h
, v

h
_W

h 
+ a (w , vh

w
h

)

< a(w w ~ , w v h
) + (e , vh wh) + (-Lw, vh w

h
) 

~

= a(w w
h s w v

h
) + (-Lw + e, vh W

h
)

~ 
0~~ I Wh l112  liw vh iI1,2~~(-Lw + e, vh

wh
) , (6 .17)

where 02 
is the constant introduced in (5.1). Using (6.14) and (6.15), we

conclude that

(—Lw + e, vh
w
h
) = (-Lw + e, V

h
W) — (—Lw 4 a , W

h
) + (-Lw + e , w)

(—Lw+e , V
h 

- w) — (-Lw + e
~
w
h
)

~~~
(_ L w + e

~~
v
h

_ w )
(6 .18)

—Lw + elI 0, 2 11 V
h 

— w It 0,2
For any v c 11

2
(D) let V

1 
denote the piecewise linear interpolate to v . It

follows from the work of Ciarlet and Raviart [1972] that there is a constant C in-

dependent of v and h such that

l i v  — V t ’ jn 2 ~ C l i v  11 2 2 h
2m

, for in 
00 0,1 . (6.19)

Next , we note that

IIW_W
h 11 1,2 ~ l i w—w ’ 11 1,2 + 11W _W

h 11 1, 2

Squaring, and using the inequality (a+b)
2 

< 2(a2+b2). we obtain

~ ( I1W_Wh 11 1,21 < (11w-v
1 il l,2~ + ( i i W

’_W
h 11 1,2) . (6.20)

Finally, we observe that w1 
- € H~ (B) so that , from the coercivity of a on

H~~(D) (see 5.3) ,

a
l

l I1W’_Wh 11 1,2 1 
~ 

a (w’_w
h. 

W w
h
) . (6.21)
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We can now begin the final computations. We set E Iiw wh 11 1,2 . Using (6.19),

(6.20), and (6.21) we obtain

01 2  2 2  I I
~ cL

1
(C liv 11 2,2) h + a(w _W

h~ 
W wh

) •

a(w’_wh. 
w’_wh

) + 0(h2)

a(w
1
—w , w

1
-w) + 2a(w

T
-w , w W h

) +

+ a (w_w
h~ 

W_ W
h

) + 0(h
2
)

~ 
a~~( ilw’-w lI 1,2~ 

+ 20
2 

h w y  11 1,2 llw_Wh 11 1,2 +

+ a(w_w h. 
w W

h
) + 0(h

2
)

Using (6.19),

-~j~ E~ ~ 02(Cllw hl 2,2~ 
h
2 
+ 202 C 11w 11 2, 2 

E +

+ a(w_w
h~ ‘~~

‘
~h~ 

+ 0(h
2)

= a(w_w
h~ 

w-w~) + 2C1 
h B + 0(h

2
)

where C1 
00 02 C 11w 11 2,2

Using (6.17) and (6.18) with V
h 

=

-
~~~ E

2 
~ 02 (c 11W i12 , 2)hE + (—Lw + e, w

T 
- w

h
) +

- +2C
1
h E + 0 ( h

2
)

~ 3C1 
h B + li-LW + e 11 0, 2 liW~~ h liQ,2 + 0(h

2
)

Using (6.19) with 15= 0 ,

1 7 2 2
E < 3C

1 
h E + Il -Lw+e 11 0,2 C 11w 11 2,2 h + 0(h )

..3C1
h E + O ( h 2)
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Thus , multiplying through by 
~~~
- we have that

E
2 
< 2C

2 
h B + 0(h

2
)

with C2 
00 6C

1/C*1 
. Hence,

(E — C
2
h)
2 

< (C
2
h)
2 
+ 0(h

2
) 00 0(h

2
)

so that

E _ C
2
h 0(h)

and finally,

B IIW_W h 11 1,2 = o h  . 0

Remarks

1. There are a number of interesting questions about the convergence of w
h 

to

(a) flow fa st does the approxima te free boundary converge to the true f ree

boundary? In this conncction see Brezzi, flager~ and Raviart [to appear ,

p. 21] and l3rezzi and Sacchi (to appear , p. 9).

=
(b) Can one obtain an L estimate- for the error? In this connection see

Baiocchi [1976a). 
-

2. We draw attention to a number of related references on the numerical solution

of variational inequalities: Falk [1974] ; Glowinski [1976) ; Glowinski , Lions, and

Tren~ lieres [1976] ; Mosco i~nd Strang [1974]; Hager [1976); Hager and Strang [1975)

3. The functions V
h 

must satisfy, at least approx imately , the boundary conditions

V 00 4) on aD and the inequality restraints v > 0 a.e. in B . By formula ting the

problem in terms of v — v — 4), the boundary conditions take the simple form v 00 0 on

~0, but the inequality constraints take the more complicated form v > — , . It was,

therefore, decided to retain the formulation in terms of v

—25—
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7. A nunk’rical cxami 1~

As an oximple we consider the specific geometry shown in Figure 7.1, which was

chosen becauue it had previously been considered by several authors.

F 
_

_ __ _ _

\~~~~~~~~~~_ _ __ _

_ _  _ __ _ _

~~~ _  _ __ _ _

\~\~ ~~~~~~~~~~~~
_ 

_ _ _

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Figure 7.1: 1~ numc-rical exam~~~ (r = 4.8, R = 76.8, h 00 12, H = 48,

m 00 
~~ , n 00 12.)

Because the solution changes most, rapidly near the well , the subdivisions were

taken to bc uniform in the y-direction and logarithmic in the x-direction . If n and

in denote the nu~~’~r of subdivirions in the x— and y—directions, the coordinates of the

gridpoints were giv~n by

0 < j < m ,

r exp~(i /r~ ln (R/r)], 0 < i < n

The inteçy- r m won always ChOSen to be a multiple of 4 so that the corner D was a

gridj’oirt; this was advisable since w is not smooth at the corner B

—26—
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The permeability K w.is taken to be one so that  f ( x )  00 - and g(y) = 0

From (4 . 2 3 ) ,  (4 .24 ) , and ( 6 . 2 ) ,

- 

J (v)  = f x[v
2 
+ V

2 
+ 2v)dxdy . (7.1)

D

From (4.12), (4.13), (4.14), (4.15), and (4.18), the boundary values 4) are

4)(x,H) 00 0, on AF

00 (H-y) 2/2, on AB

4)(r,y) 00 (h -y)2/2, on CD , (7.2)

4)(r,y) 0 , on DF

ln (R/x) + ~,2 ln (x/r)
4)(x,0) = - , on BC

2 ln(R/r)

For v C K let V = fv . ) denote the N = (m+1) X (n+1) vector such that
h h

00 v (x.,y.) . (7.3)
ij  h i j

Then

J (v
h

) V
T
AV + 2b

T
V (7.4)

where ~ = {z~(i,j; i ,j)} is an N X N matr ix and b = {b(i ,j)) is an N—vector. The

matrix A and vector b are best obtained by computing

= 

R 
x [ ( v

~
.
~~

) 2 
+ (v

h y
)2 + 2v

h
)dxdy (7.5)

00 vT 
A V + 2bTV , say , (7.6)

R

for a grid rectangle

R = {(x,y): x . < x < x
1
, 

~~~~ ~~ ~
‘ 

~~ y~~ 1
) 

‘ 
(7.7)

and then summing over all grid rectangles.

Consider such a rectangle R which we divide into two t r iangles , L and U

(See Figure 7.2).
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i ,j+l 
— 

i+l,~ ÷1

i , j  Ax i+l ,j

Figure 7.2: A typ ical grid rcctanq]e R

Then ,

On L:

• v 00 (V. . - V . . )/Axh,x i+l ,j i,j

vh Y 
— (V~~~~1 

— V
~~~

)/A Y , (7.8)

v = V . . + (x-x .)v + (y-y.)vh x ,
~ i h,x 3 h,y

On 11:

v 00 (V. . - V . - 1 /Axh ,x i+1 ,j+1 ~,j+l
(7.9)

v (V - V . .)/Ay
h,y i+l ,j41 j+l ,i

V
h 

00 

~~~~~~~~~ + (x_x j+l )v
h ,x + (y—y .~ 1

) V
h

Let X
L 

and X be the x coordinates of the centroids of L and U

xL 
x . + Ax/3 , (7.10)

x
~~~~

x i + 2Ax/3

By direct computation , the non-zero components of A
R 

arc- :
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00 Ax Ay x
L
(Ax + Ay

2)

A
~
(i+l ,j+l;i+l ,j+l) ~ Ax Ay x

~
(Ax

2 
4

AR
(i+l ,j;i+l .j) = Ax Ay X

L 
Ax 2 

+ Ax Ay x~ Ay
2 

, (7.11)

00 Ax Ay XL 
Ay

2 
+ Ax Ay x~

A~~(i,j;i+l,j) —~~ Ax Ay X
L 

Ax~
2 

,

A~ (i ,j;i ,j4l) = —
~~~ Ax Ay x L Ay 2

A
R(i ,j+l ;i+l~ j+l)~ -~~ Ax Ay x

~ 
Ax 2

A~~i+1 ,j;i+] ,j+l) — ‘~~ Ax Ay x~

A
R
(i+1 ,j;i

~
j) = A (i ,j;i+ 1,j)

A
R
(i..j+l;i .j) = A

R
(i .j;i ,j+l)

~

A
R
(i+1,j+l;i ,j+l) = A

R(i
,j+l;i+1.j+l)

A
R
(i+l,j+l;i+l ,j) = A

~
(i+l ,j;i+l ,j+l).

The non—zero components of bR 
are:

b
R
(i .j) = -

~~ Ax Ay X
L 

- ~~Ax Ay [-j + ) -

X
L AxAx Ay [-~ -

bR
(i+l ,j) 00 Ax Ayt-~ + ) +

(7.12)

b~ (i,j+1) 
-
~~ Ax Ayl~~t - ) +
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h
R
(i+l ,:ill ) ~ Ax Ay x~ - -

~~ Ax Ay(-~~ - 3 —

I X~j Ax
-~~~A x A yt-~-- + -

~~~ )

The problem

Minimize : V
T
AV 4 2b

T
V

Subject to: V 4 ) .  on ~E) , (7 .13)
i j ij  h

V .. > o
11 —

is a quadratic progra;r:.b~q problem 1-tich is equivalent to a complern~ntarity problem.

Man~- a lgor ithne are available for the solut-lon of this prcbl -r.: see Cottle [1974 , 1974a)

Cott)e , Golub , and Sac-hcr [1974), Cottle aid Ponq (197(), Cottic and Sacher [19731.

Here , we use a va lart: of S.O.IL (systematic n~~, - r r - l a x i  ion) to solve (7.13).

Given an in i t ia l  q uc as v (0) sati stying the hc ndacy conJ t nor- , w~’ geI)eiate a sequence

of approximat ions using t h e  f o l l ow i nr j  ALGOL s~- q: r -r ~ .

For i :~~ 1 step unt i l n— I. do

For j  := 1 stcp I u n t i l  rn— l do

vtl [h(i ,j) _ V (i ,j+l)* A (i ,~~;i ,j~ l)_ (7.14)

— V (iIl ,j)* A (i ,j;i41 ,j) —

V( i_ l ,j)* A (i,j;i—l ,i) —

_ V (i ,j_1)* A (i,j;i ,j_l)1/1~(i,3;i ,j)

vt2 — V ( i ,j )  + w~- (vt l  -- V(i,j))

v(i,j) if v12 < 0 then 0 el~ e vt2

end;

Here , ~ is an OvC1rrClax,- t~iOa p~rametcr which must be chosen to optimize the rate of

convergence .

The algorithm (7.14) is known to converge . The algorithm , and related algorithms ,

have been considered by many authors: Hi)dreth (19571 ; Nerzljakov [1962] ; Fridman and

Chcrnliia (1~ C’,j ; Mart iflL t 11067) ; f t ir , jnd [19A~4/l <)69 , l~’72] ; Glowiflski [1071, 1973]
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Cryor tl97l]~ Comincioli [1971); Miellou (1971, l971a, 1972); Luong 11973); Martinet

and Auslendor [1974); Eckhardt [1974); Mangasarian 11976).

To, choose the parameter te we proceeded as follows. For the case in = 16, n 24

computations were made with several values of te and it was found that the optimum

value of te was approximately l~ 7 . For t h e  general case we set

2
1+sinhlr/nfict)

where

nfict = 8590 [(n4l) (m+l))1”2

The expression for w is a modification of the theoretical optimum value for S . O . R .

on a square (Varga [1962 , p. 203]). The constant ~8590 was chosen so that w = l’7 when

in = 1 6 and 0=24.

The computations presented no difficulties. The solution of the smallest problem

is given in Table 7.1.

In Table 7.1 the position of the approximate free boundary is shown by the first

zero term in each column . The approximate solution is identically zero on the vertical

line x 00 r so that it is not possible to determine the height h at which the free

boundary intersects the well. As an approximation to we take the height h of

the free bou ndary at the ver tical gridline adjacent to the well .  For example, from

Table 7.1 we obtain h ’ 00 36.
S

In Table 7.2 the values of h’ for a sequence of decreasing grid lengths are given.

The iterations were terminated when ,

11v
10i 

— < 10 6

In judging this accuracy criterion , it should be remembered that liv IL = 1152, so that

the relative error is ~~~~
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rn n h’ nuznber ofS 
iterations

4 6 36.00 20

8 12 30.00 40

16 24 30.00 70

32 48 30.00 120

64 96 30.00 230

Table 7.2 :  Values of h ’
S

The method of determining te seemed satisfactory, although the ratios

lIv~0k — v10 0~
.1)Ii 2

11v 1° ~~~~~~ 
(k—2 ) 11 2

oscillated so as to suggest that the dominant eigenvalue of the iteration was complex and

hence that (from the theory of S.O.R.) reducing te would improve the convergence .

For comparison , we compare in Table 7.3 the values of h obtained ty different

authors. With the exception of the present Computation , all the results are presented

graphically so that we have had to estimate h from graphs. -

S

Author - 

l4ethod 
h

Hall 11955 , p. 29] trial—free—boundary; 34.0
finite differences

Taylor and Luthin [1969] time—dependent; finite 34.0
differences

Neuman and Witherspoon trial free—boundary; 30.0
[1970] f in i te  elements

Neuman and Witherspoon time—dependent; finite 30.0
[1971, p. 6203 differences

Present Variational inequalities 30.0

Table 7.3: Computed values of h5

~~~~~~~~~~- _~~~~~~~~~~~~~~~~~~~~~ -~~~~-~~~~~~~~~~ —--— ~-=‘-
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The differences in Table 7.3 may be explained by the fact that the physical assumptions

differed : Hall [l9’S] assumed cap illarity and a lined well; Taylor and Luthin [1969]

assumed partially saturated flow ; and Neuman and Witherspoon [1970 , 1971) made the same

assumptions as in the present paper.

Finally, in Table 7.4 we give the computed values of w at a typical point x 19.2

y 00 24 for different values of in and n . We also give the differences between succes—

sive approximations and the ratios of successive differences. It can be seen that the

results are consistent with the hypothesis that

W_W
h 

= 0(b
2
) . }

In Theorem 6.2 we,of course~only proved that

11W_W
h 11 1,2 = 0(h)

in fl W~ Aw
h 

ratio

4 6 81.333841

8 12 83.470767 2.]44926

16 24 84.150541 .671774 3.193

32 48 84.290337 .147791 4.545

64 96 84.337269 .038930 3.796

Table 7.4: Values of w
1 

at x = 19.2, y 24.0

In conclusion we draw attention to some related work :

Numerical solution of variational inequalities for~~~~~us f low

Comincioli [1974, l074a, l974b, 1975],

Cornincioli , Guerri , and Volpi 1)971] ,

Cott]c [1974].

Nuinerical solution of axir~ypimetr r- well prohlemn

Rabbit and Caldwell (1948];

Yang [1949) ; Roulton [l9~ 11; h~ach ef , Touloukham , and Fadum [1952];

Kashef [1953); Schmidt 11956] ; Murray (1960); Kirkham (1964]; Taylor [19661 ;

—34—
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Taylor and Brown (l~67] (see also Kealy and Busch (1971); Herbert 11968);

Mauersberger (1967, 1968, 1968a, 1968b, 1968c) ; France , Parekh , Peters , and

.Taylor [1971].
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~p~~~pdix A: An alternative nun:erica1~~~~ roach

Brezzi and Sacchi [to appear] have given a different error analysis  for the case of

plane flew through a rectangular dais.

The approach of Brezzi ~nd Sacchi requires that K.0 
be chosen so that for every

V
h 

K.0 there is a v c K with v < V
h 
. In this appendix we show how one can choose

K.0 
so that this condition i.s satisfied.

In section 6 the approximation was obtained by triangulating 0 and approxiriating

w by piecewise linear fun~:tions , the boundary conditions L-’ing satisfied approxirnatcly

by interpolation at the nodes. However, in the special ca~;(- when

f(x)
e = x ,

we have from (7.2) t hat, on OC

4~(x,0) = [~iR,0) ln (x/r) + ‘~‘(r ,0) ln(R/x))/ln(R/r)

so that

~xx~~~
0) = —j~~(o,0) - ~ (r ,0)/x

2 
ln(R/r),

< 0 .

Thus, ~ is concave on BC and any linear interpolate lies below arty v c K . There-

fore, even in this case, the condition of li,:ezzi and Sacchi is not satisfied.

To overcome this difficulty, we introduce new coordinates a and ~ defined by

a 00 ~
-f(t) 

dt, 
~ ~~ ~~(t) dt . (A.1)

The rectangle I) is transformed into the rectangle 0’:

0 < a < e
Ct) 

dt a~, say,

(A.2)

0 < < 
~ 

g(t) 
dt = say.

We have that

—f (x)
w w 0 0 W  eX a a

(i~.3)
V 0 0 W  0 0 W  0g(y)
y ~ y

-36-
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The Jacobian of the transformation is

ax a~
acz -

aa -l
ax ay

aR 3B
ax ay

~~~~~ ~

0

00 e~~
’
~ 

— 9(y) 
(A.4)

Thus the minimization problem (6.2) is equivalent to the problem:

m m  J’(v’) ,
v’ch(’ (A.5)

where

K’ = {v ’ c H
1
(D’) : v’ — 4 ’  € H~,(D’) (A.6)

and v’ > 0 a.e. in D’) , -

J ’( v ’) = a ’ (v’ ,v ’) + 2 j ’  (v’) , (A.7)

a’(w’,v’) = f f ( e 2~~~ w~ v ’ + e2~~~~ w’ v’)dctdB , (4.8)

j ’ (v’) = J J ~~~~~~~~~~ v’ dczdB . (A.9)
B’

We note that f(x) and g(y) are continuous so that the mapping (x,y) ~‘ (a ,B) is

l smooth and Hl(D) is mapped homeomorphically onto H
1(D ’)  (Adams ( 1975, p. 63)).

—37—
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We can obtain an approximate solution w~ by proceeding as in section 6. The

rectangle B’ is triangulated in the same way as shown in Figure 6.1. The si.~.divisions

are not uniform , but the ratio (intcrva] length)/h is bounded both above and below. The

interior gridpoints are denoted by and the boundary gridpojnts by . The space

of piecewise linear f unctions on is denoted by V
1

The approximation w~ is then given by :

J’ (w~) Mm J’(v
1
’) , (A.l0)

* v
~~
cK

~
’

where
I v~ € V~ : v~ > 0 in Dj~

and v~ = 4” on ~D~} . (A.ll)

Lemma A .l

If v~ c K.~ then 4” — v~ < 0 on ~D’

Proof: On w~ hsvc from (4.10) that

4”(a,O) —
~
- (a 4 ’(R, 0) + (a —a) ~ (r ,0)J  ,

R

so that 4” is linear and hence v~ 4” on

On rj we have from (4.13 ) that

= Constant — f
Y 

e9(t ) (H .t d t

00 Constant - ~ + f ’ 
g(t) 

~ dt
0

Let (aR~~]
) and (aR~~2

) be two adjacent nodes on r~ corresponding to (R,y
1
) and

(R , y
2
) 00 . We may assume that > . Then , for B1 .~~ ~ -~~ 

B2 ,

- v
h

(c4
~~~
) = I g(t)~~ - c)dt ,

00 E(y ) ,  say ,

where the constant c is such that E(y
2
) 00 C) We conclude that  y

1 
< c <

—3 8—
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Thus, E(y) decreases monotonically for < y < c and increases moflotonically for

C < y < so that E(y) < 0

Similar arguments show that 4” — v~ < 0 on F~, while 4” - v~ 0 on u . 0

Theorem A .2 -

The approximate solution w~ exists an d is unique. Furthermore,

Ilw ’—w , 11 1,2 = 0(h) .

Proof: The existence and uniqueness of w~ is a consequence of the fact that the bi—

linear form a’ is coercive.

Remembering that

—a ’ (w’,v’—w ’) < j’ (v’—w ’), for all V ’ € K’ ,
and

-a’ (w~~vj,-w~) < i (v ,-w~,)~ for all v~ € K ,

we see tha t for all v E K ’ and v~ E K.~

a’(w’—wj~ w’—w ,) 
00 -a’(w ’,w -w ’) - a’(w ,,w ’~ w ,)

= — (a’(w’,v’-w’) + a’ ( w ’,w~—v ’fl —

+ a’(w~ .w ’_v)’)))

< j ’ ( v ’-w ’)  - a’(w ’,w~,-v ’) +

+ i’(v,
_wj) - a’(w~ ,w ’-vj~)

-j’(w’-v ’+w~-v1
’,) 

— a’(w ’,w~—v ’) —

-a’ (w~ , w v ),)

Adding and subtracting the term a’ (w ’~ w ’-v)y from the right hand side we obtain

(following Brezzi and Sacchi[to appear)),

a’ (w’-w~ , w’-w ,) .~~ -i’ (w ’-v’ + w ,-vj,
) -

—a ’(w ’, w’-v ’ + W
) 

- v
1~,
) +

+a ’(w ’-w ,~ w ’-v ,)

so that

— 39—
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( — i ’ ( w ’_v
, ) — a ’(w ’,w ’—v~ )J +

+ E.- .j ’ ( w ~,—v ’) — a’(w ’ ,w ’—v ’)J + (A.12)

+ a ’ (w ’—w ,, w ’ -v ,)

for all v~, C K~, an d v c K’

The remainder of the proof is very similar to the proof of Theorem 6.2.

By (5.4), w € 112(0) . We have assumed that f and g are continuously differ-

entiable so that the mapping (x,y) -
~ (a,~~) is 2—smooth and fl2(fl) is mapped borneo—

morphically Onto 11
2(0,) (Adams 11975, p. 63fl. Thus,

. (A.13)

Let w ’1 denote the piecewise linear interpolar1t to w’ . From Theorem 5 of

Ciarlet and ~aviart 11972] we conclude that

JJw ’ — w ’’ 11m 2 ~~ . C 11w ’ 11 2 ,7 h2 T h, for in 0,1 . (A.14)

Using the same arguments and notation as in Theeren: (. .2  we ohtuir, that

a’(w ’,v~) = —(L’w ’,v~) , (A.l5)

for all v~ € 11~ (D’), where

L’w ’ (—2g(y) 
w ’) + 

~ ~~~~~~ w~) € L
2(D’) . (A.l6)

Let j’(v’I = (e’,v’) , (A.l7)

(A.18)where e’(Q,B) exp(2f{x) — g(y))

Then the identit ies (A.15) and (A.]7) can be used to manipulate (A.l2) . We obtain

t a’ (w’—w~ ,w ’—w~) < [ —j ’  (w’—v~) — a’ (w’ ,w ’--v; )) +

+ 1—i ’ (w~’—v ’) — a’ (w’~ w~,—v ’)] +

+ a’ (w’~w ,, w ’_v ,)

-40-

~~~~~~~~~~~~~~~~~~~~~~~~



~00~~~~~~~~~~~~~

- 1J’(w ’-v~,) + j’(wj,-v’)) -

— (a ’(w’,w ’—v ’) + a’(w’, w ,~v ,)) +

+ a’(w ’_w ,~ w’~ v~,)

_ ((e’,w’_vj,) + (e’,w~,—v ’)) -

- (( -L w ’ ,w ’-v ’) + (-Lw ’,wj,_vj,)] +

+ a’ (w’_wj,~ w’-v~,)

00 —(—Lw’ + e’, w’—v~)

— (-Lw ’+e ’, w~,-v ’) +

+ a’(w ’—w ,~ w’-v~) (A.19)

where in the last step but one we have used the fact that w’-v ’ and w~,-v , belong to H~~(D’).

In (A.19) we now set v , 
00 

~~~
‘
1 . By Lemma A .l we have that 4” - v~ < 0 on

so that v ’ — v~ < 0 on ao for all v ’ c K’ . Since v
1~ 

is non-negative , we may

choose v ’ c K’ so tha t v ’ — v , < 0 on D’ . Analogously to (6.14) we can show that

—L’w’ -t e ’ > 0 a.e. in D’

Thus , in (A .19),

— (—L’w’+e’, w ,
_v ’)  00 -(—Lw’+e’, w’

1
—v ’) 

.~~ 
0

Noting (A.13) and (A.14) we thus conclude that

a’ (w ’-w ,, w
’—w~) < 1l-tw ’+e ’ ll~~ 

C 11w ’ 11 2 2  h
2 
+

— ~

- 
+ a; llw ’-w~, 11 1,2 c 11w ’ 11 2 ,2

00 cj Ilw ’-w , 11 1, 2 h + 0(h2) (A.20)

where a is the coercivity constant for a’ and

- c~ =a ; lIw ’Il 2,2 c .

As in (6.20) and (6.21) we have that
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lIw ’ -w~ 11 1,2 > 2 
~ ( IIw ’-w” 11 1,2) + ( IIw ”-w~ 11 1,2 >

0~
( llw ”—w , 11 1,2) < ~‘(w ’

1-w ,, w’
1
—w~)

Setting E’ = lIw ’-w~ 111,2 and using the same approach as in the proof of Theorem 6.2

we find that

2 2
-~ -(E’) < a’(w’

t
—w~ , w ’~~w ,) + O (hi )

< a’(w’—w~~ w’—w ,) + 2C~ h ~~~
‘ + 0(h

2
)

< 3 C~ h E’ + 0(h
2
)

from which it follows that E’ = 0(h) . 0
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Appendix 0: The computer proqram

The computer program psed to obtain the numerical results quoted in Section-i is listed

below. Two minor remarks are perhaps necessary:

1. The main program is written iii ALGOL. Since the ALGOL compiler available to us

does not optimize , the inner S.O.R. loop is exe~:uted by a F0RT~~AN subroutine.
2. The computations were performed in double precision so that the asymptotic behavior

of the error , as shown in Table 7.4, would not be contaminated by round-off errors.

•NUALG, ISZX
BEG I N
COM~’ENT a*a**a***a***aa* **a *aa *aa *****aa *aAaa **a **aaA **ee *Ae *a **ea *aae *a

PROGR AM FOR THE I~JUUE PIrAL SOLUTION • BY ‘i~~.~ s OF THE
VARIAT IO NA L METHOD P~ 0POSE0 BY BAX OCCH T El AL,,
OF THE FREE ROUNOA RY PROR (.EM RELATE D TO THE STATIO NARY FLOW
THROUGH A FULLY PENETRAT ING WELL

VA R IABLE NAP- I E S USED IN THE PROCRA N INCLUnE THE FOLLOW ING i
• ..an. — a. — ~ — a a a — —. ~~ — ~~ . — flSP SS S Sfl f lat Sflaf lS a.ss~~ ea

A V IA  IS T HE HEIG HT OF THE WAT ER AT K a B
aY?a IS Tt 1E HEIGHT OF THE WAT ER AT X a A
ABA IS THE RADIUS OF THE CAICHP-IENT A REA OF THE WELL
*A *  IS THE R ADIUS OF THE WELL
AMa AND AN * ARE THE NUMBERS OF POINTS OF SUBOIV~ SION OF THE
SIDES OF THE RECT ANG LE A R t ,
A O MEGA * IS THE RE LAXAT ION PAR A M ETER ,
AE PSA IS USED TN THE TEST FOR STOPPING THE ITERAT ION,
ARRAY *U e SHALL CON TA IN THE FU~’CTION V A LUES CF THE DI~ CRCTE
SOLUT IO N .

EXTER NA L FORTRA N PROCEDURE ITEPAT;
COMMON coEro (REAL ? A~ P4Y CO (O(’4~~,O,32 ););
COH’~ON COEF> (REAL? A RR A Y Cl (0*45 ,0,32 ););
COMMON COEF? (REAL? A R R A Y  C? (O,4R ,O,32);),
COMMON COEF3 (~~EAL2 ARRAY C3 (0i4R ,O,32 ););
COMMON UNK (PEAL? A RRAY U(O,a~~,Ot3?),);
CO MMON PAR (INTEGER IMA X ,N,P-l,MODIT ,QEAL2 OMEGA ,TEST,TEST2;);
REAL? ARRAY P (0 t £15) ;
REAL ? A RRA Y S (0 s 32);
PEAL? Dfl,,TAX ,DELTAY ,
PEAL? NFICT ;
PEAL2 A ,Y1,Y2,EPS,M l ,H2; —

R!AL2 A 1,Bj,A l R i ~
REAL2 8,AB ,DENOH ;
REAL ? MU,L A M B DA , PT,
REAL ? TEST2P,PA IIO ;
REAL? Tl, T2,R2,RS,
REAL ? TIP ,R2P,RSP;
INTEGER I,J,K, !TER ,LB,UB;
INTEGER WOCOLS,NP,

CO H HE NT * * A * * * * A * * * * * a a * * * * * * * * A * * * * * * * * * * * * * * * * * * * * * * * * * * * * A * * * * A * ~. * *~
FORMAT FITI (El,X1O, tP 1UMBER OP ITERATIONS a. ‘,ta,Al.O,

X I I ,  7(P1S .B, XI , A t , 0.
X1t ,7 (j5( a l

FMT2 (K2,O6 ,4,X3,7(R15 ,6,XI ) • A l ,O),- FMT4 (X5,’TTER I ‘,13, ’ TEST U l ,PIU~ 7~~
I L2 NORM ~

RAT IO a

FMTO (Et, XS, ’ R H a l ,P12.11,’ RE a ‘,Rj?.~~,A 1, O,
KS, ’ MW U ‘,R12,U ,’ WE • l ,R l 2 ,~4,A t,O,
KS, ’ NX a ~ T I ?  .1 NY a ~, 112 ,A t, 0,
X5,’EPS a ‘,R12.4,’ O H ’  ‘,R 12 ,4,A t, O),
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FMT3 (XS, ’a**’,X2, ITEST a ~~ R14 ,7, ‘ e**’ ,A l . O ) ;
COMMENT ~~~~~~~~~~~~~~~~~ GIVEN OUAWT ITIES ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

READ (CARDS ,M ,N ,A ,AB ,Y1,Y2,E PS);
INAX ;a as • 2;
Pt •~ £1.O!j.O * A RCT AN CI,OIPO);
A l is LW (A/A) ,
B $a  A $ AR ,
BI is LW (B/A);
A IB I *~ 81 • A l p
HI s A~ B 1/PJ ,
42 is Yl / H, -

COM MENT aHIA AND *H2* ARE THE STEPST?PS FOR THE OISCREII ZATIONt
-
~ NFTCT i~ 0,55Q 0L&O * SORT C I, O&P.O * (N41) * CM+1)),

OMEGA is 2.fl&90/(i,r~EP,0 + SIN (PI/WFICT));
COMMENT CO MPUTE OVER RCLAXATIOP4 PARAM ETER OMEGA

FOR I pa 0 STEP I UNTIL N DO
PCI) ~: A A EX P C IA H I ) ,
FOR J ;: 0 STEP I UNTIL N DO
S (J) s’ J*Yj/M ;
WRITE (PRINTER ,F~1TO, A ,B ,Y2,Yl,W ,M ,EPS,O~’CGA ),T IE R j  0,
TEST j : I , O t . P , O ;
TES T? t~~ O ,O&AOp
TEST2R is 1,O&!O;

COMMENT **~ ****a*aa****a ***a**~.******* aa**AA**********,*A*****e*****e***
INITIALI ZE *U (7,J)*
ON TP~E BOUNDA RY OF TH~ SECTAN GLE *Ra , tJ (I,J) IS GTVEP4 ~~ y

THE FUNCTION G (X ,Y) CC F , BA !CCCHI ET AL ,)
EVERY WHERE ELSE WE SIMPLY SET IT TO SOME CONSTANT GE 0

COM MENT . a..n..OH THE SEGMENT (A ,8) Ra.. ..a a.~~a .5.5S.aSaaa.. a.~
FOR I is 0 STEP 1 UNTIL N DO -
U(X,O) i~ O ,5E&O*CY1A *2*LW (R(I)/A)+Y2~’1*2*LN(O/RCI)))/Rl,

COM MENT •.a...•—.aON THE SEGHENT (B ,C) •a—.aaau....a aaaa. a.....a .•$
FOR J -is I STEP 1 UNTIL H DO
U (N,J) p a  O,5R&O * (VI • VI * J / 14) **2 , -

CO MMENT a.aea.a. .ON THE SEGMENT (A ,D) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
K ~ ENTIER CV? / H?) p
WRITE (PR!NTER ,(<13 ,A j ),K);
FOR J ii I STEP I UNTIL K DO
U (0,3) t a  O ,S&~ O * (Y? • VI * 3/ H)  *e2

COMME NT a..TNITIALIZE U (I,J) EVERYW HERE BY LINEAR INTERPOLATION s_ s . .;

FOR I ~ 1 STEP I UNTIL N.3 DO
FOR 3 a I STEP I UNTIL M.j DO
BEGIN

LAMBDA ~ st (R(I) • R ( O ) )  / ( R ( N )  •
U (I,J ) is U(N,J) * LAM BDA + U(O,J) * (I ,0&&0 • LAMBDA),

END;
CO MMENT *a****aaA*e*********a**A******e**************A***********A**A*;

FOR I Pt 0 STEP I UNTIL N • 1 DO
FOR 3 is  0 STEP I UNTIL H — I DO
BEGIN

DELTAX t a  R (I+1) • RU);
DELT AY is $(J,~~) • 8(J); -

COMMENT (LOWER TRI ANGLE ) •uaaa aa •aøaaa. .e5 aaa ~~5. e•*S~~as0 sa•sa~~
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TI is (PCI ) 4 1 * DE LTAX / 3,OUO ) * DELTA X * DELTAY / 2;
T2 a DEL IAX *a? * DELTAY /ib ,OU~O ;
P2 ~a DE LTAX * T2 • ( P C I )  + j a DELTA X / 3,0g 0) * TI;
RS ;s • DELTAY a 12 / 2 + (S(J) + I * DFLIAY / 3,OMO ) * Ti ;

C O C I .3 ) s:CO (I ,J ) $ T1/ DEI.TAX A t ? ;
01 (1 .3 ) i:Cl (I ,J ) • TI/ DELT~~ * *? ;
0 0 ( 1  ,J ) $sCO(I ,J ) • 11/ DELTAY aa2,
02( 1 ,J ) I~ C2 ( I  ,J ) • TI/ PE(.TA Y -.‘? ;

C3(T ,J ) :sC3(! .3 ) + T I  • (P ?  • R ( I ) * T t ) /  D EL TA X
.(RS • 5(J)afl)/ DELTA Y ;

CO (IiI,J ) 1sC.O CI +2, J ) + Tj~’ DLLT A ’~ *a?;
03 (1+1,3 ) i:03(I+1,J ) +(R2 R(7)*T~~)/ F~ELTL~~pC O C T  ,J+I) $ sCO(I .3+1) + T1/ DEL TA Y *e?;
03(1 ,J*fl p:03(I .3+1) ~~PS — S(J)~~1l)/ I5ELIAY; 

*

COMME NT (UPOFO TR IA NGLE ) • .e a— ea. .na . .a ro .* .~.....a.a.srs ’ . .na .nsa
TIP;: (PC!) +2 * OFLTAX / 3.DlrO ) * O E L i A X  * DELTA Y / ?;
R2R := DELT AX * T~ s (RU) 4 -? a DELTA X / ~,

(
~~~O ) * Tif’;

RSPp : — DELTA Y * 12 / 2 + CS (J) +? * DCI.TAV / 3,O?~&fl) * TIP;
C0 (T+l ,J+I) 2 :CO (i4-I, J4- 1 ) +TIP/ DELTA X **;)~C O C I ~ 1,J+i) i t ~C O C I + I , J * ’ I )  +‘TIP/ r ) I L T A Y  **? p
C3 (I+t, -J +l ) t~~C3 (I+~~,J+j ) + TIP+ (R2P. f l ( I + t ) * T 1 i ’ ) / D U L T A X

•(P S P.  S(J4. j  )*TI$~)/flELT’.Yi
00(1 .3+1) i :COCI .3+1) + TIP / DELTA X *~ 2;
01 (1 ,J~~~) isC ICI .3+1) • TIP / DEl TA XA *2 ,
03(1 .3+1) tsC3 (I .3+1 ) — (R?P • ~(7 + 1 ) - ~~t~’) / DELT AX ,
00(1.1,3 ) ,:CO (1+l,J ) + TIP / DCLTA Y * a~~;
C2 (T+t,~T ) ssC2(i+1 ,J ) • TIP / ~E L r A y * . ~71
C3 (I4I,~T ) ;rC3 (I+l, J ) .(R$P • S (J#1)A 7t fl ) / f’ELT’-Y;

• E ND ;
COMME NT a a * ~ a * * * * * a a * a a * * * * * * * * * * * * * * * * a * * * ~. a * a * t: * * * *. * ~ * * * *FOR ITEP is TIE R + I W HILE TEST CEO El’S AN D 1T~ R LEO 400 DU

BCGI ’J
‘40017 ;r MOD (jTER ,iO );
ITER A~ p
IF MO!~IT EQL 0 TH EN
BEGIN

TEST? ir SORT CTEST2/ ((Ms1)a(~’~~j))),
PAT IO is (TE.5T?~ TES1? f’)**C~~~;
WR ITE (PRt~~TE s ,FM1 4,TTER ,TEST,TEST2,RAT !O )
TCST2P is T E S T ? ;
TEST2 i s O ,O~~~0;

END ;
E N D S

C O M M  E N I a a * * * * * * * * * * * * * * * * * * * a a * a * * * * * * * * * * * t~ ~ * * * a a a * * * * S * * A * * * a ~ a a * a,
LJB p :  0;
LB i~ I !
tIER is TIER • 2 ;
WOCOLS r~ N + 8;
FOR NOCOLS is NOCOLS 7 WH ILE P’OCOL S GTR 0 00
BEGIN

NP pa MT P4 (NOCOLS, 7);
US ;: (‘H • NPp
WR ITE (PRINTEP ,F HT1,ITCR ,FOR I s: (t,R,I, UR) 00 R (T.I));
FO R J ~

s H STEP —1 uN T IL 0 00
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WRI TE (DRZNTEP ,FPIT2, S(J) ,F’OR I ;a (LB4 1,Ui3 ) DO U(!si l,J));
LB a UP + I

END;
WR ITE (PRINT ER, ~M73~ TE S 1~ ;END

•FOR ,IRZX ITER A T
SUBROUTINE IT~ RAT
IMPLICIT OQ’JRLE PRECISION (C,O,T,U,V)
COM MON/COEPO/CO (1)
COM~4OW/COEF1/C ~ (1)
COMMO N/C OC P2/C? C I )
COPIMON/COEF3/C3(1)
COMMON/UN$ (/U (i)
COMMON/PA P/IMAK ,t4,M,MODIT ,CMEG I ,TEST,T E ST 2
IF ( HO DTT ,EQ , 0 ) T~ SY a

DO I J s ? , Pi
DO I I a 2,N
13 a 7 + IMA X * (3—1 )
11113 a 7 3  •
IPIJ a 13 $ I
73 141 a • IMA X
IJP~ a ~J + IP4AX
UOLD a U (IJ)
UNEW a •(03(IJ) + CICIJ)*UCIPIJ) 4’ 02( 13) *IJCTJPI)

I • C1 (IH1J)*U(IP~1J) + C2 (ZJM I)*UCIJM1)) / C0 (tJ)
VINY c (1,000 • OMEGA ) * UOLD + O M E GA * UNEW
U (13) a OMAX I (VXNT,0 ,000)
IF (P10011 .ME, 0) 00 TO I
VABS a DA B S ( UCIJ )  • UOLD)
TEST a DMAX I CTEST ,VA RS )
TEST? a TEST? + VABS**2

I CO NTINUE
RE TUR N
END

•XQT
Q 6 4 ,8110 72, O &E 0 48 ,0110 12,0110 1,CAA ” b

•XQT
8 12 a ,8U0 72. 0110 48 ,011.0 12,0110 1. 0L&u~

•X Q T  
-

16 24 4.8110 72,0110 48,0110 12.0110 I, O11.e
•X Q T  -
R 115 4.8110 12.0110 aB ,O110 12,0110 3 4

-46-

_ _ _ _ _ _ _ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ A



I 

- _ _ _ _ _  
_ _ _ _

~pp~ndix C: The stronq form of Green ’s theorem

In derivinq variational inequalities it is often necessary to integrate by parts

(i.e. usQ Green ’s theorem). The weak form of Green ’s theorem (for domains bounded by

piecewise smooth boundaries) is well known (Kellrqr7 (t~~ 3, p. 84]). The strong form of

Green ’s theorem (for domainr bounded by Jordan curves) is less wel] known . Since it is

desirable to make the weakest possib]e a-priori assumptions about the free boundary , the

strong form of Green ’s theorem is of value and we therefore describe it here.

We recall that a closed Jerdsn curve is a mapping

s —
~ z(s) = (x(s), y(s))

of the interval 10 , 1] into the xy—plane such that ~(0) = z(l) and z(s
1
) z(s

2
) iff

either s
1 

= s
2 or s

1 
= 0 and 1 . The curve is r e c t i f iu b ] e  if the mapping is of

bounded variation; that is, there exists a constant L such that for all subdivisions

0 s
0 

< < ... < s = 1

:~ 
Iz (s

~+i ) - z( s 1) I  ~~~~~~~~ Nx(s1~ 1
) - x(s~))

2 
~ (y (s .~~1

) -

< L .

If J is a closed rectifiable Jordan curve then x(s) and y(s) are of bounded variation

so that the Riemann—Stieltje;; integrals

f f dx and f fdy
.1 J

are defincd for every continuous function I

Now let 0 be a hounded domain in th~ :<y—plane with boundary ~P which is a closed

recti fiable Jordan curve . Green ’s formula takes the form

- 
If  (~~ — )dxdy = f Mdy + Ndx

whe~-e the integral over ~0 is taken in the positive direction arout~d ~0 . If x(s)

• and y(s) are absolutely continuous then the formula takes the more familiar form

f f  (~~ - )dxdy = f  (My + Nx)ds
0

— J (Mn~ - Nn~)dQ

~~~~~~~~~~~~~~ _ L i~1~~~ 
—

~~ 
_ _ _ _ _ _ _  
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where A denotes length and (n ,n )  is the unit outward normal which is defined a.o.

To establish conditions under which Green’s formula holds, it suffices to consider

the case’when one of the functions, N say, is zero.

Theorem C•l

Let M be continuous on I? . Assume that

(i) exists a.e. and is Lebesguo summable (~~ exists everywhere and is

Riemann integrable.)

(ii )  f J  ~~~~ dxdy = f ~-~dy
R

for every rectangle R: a < x < A , b < y < B contained in 12 , where the integral over

R is taken in the sense of Lebesgue (Rieinann) .

Them Green’s formula holds:

f f  ~~~d x d y = f  Mdy
12

the integrals being in the sense of Lebesgue (Ricmann) . 0

Proofs of the aixwe theorem are given by Verblnnsky ~~9491 for the Lebosgue case

and Potts 119511 for the Rlemann case; these authors give references to ear]ier proofs.

If condition (1) of the theorem is assumed then sufficient conditions for condition

(ii) to hold are :

(a) N is absolutely continuous in a < x < A for almost all y in (h,B)

(Lebcsgue case). —

(8) The integral f ?ldy exists, (Riemann case).

In particular, if u is absolutely continuous on (2 and continuous on 12 , and

and if and belong to L
2
(0), thenax

f f  (~~ - ~~) dxdy f  udy + udx
(2 ~‘
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